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Abstract

The main idea of an Operational Semantics Oriented Specification is to specify
algorithms instead of functions. Here, a term represents a state of a calculation
as well as a data-object. A confluent transition relation on terms describes the
behaviour of the computation. Such a transition relation may be the model of a
specification. Weak and strong models are distinguished, where the strong models
take the sequence of the specification rules into consideration. By a combination
of rewriting with a special form of narrowing a prototype of models is given which
allows to carry out specifications. It is shown how confluence in hierarchical speci-

fications can be guaranteed also for nonterminating transition relations.
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1 Introduction

Formal specification methods have already been used for many years for the description
of software systems and during the design process. In software practice, the formal speci-
fication is currently mainly a tool for the exact description of the input-output behaviour
of the system and constraints which must be fulfilled. So, there exists a sound basis for
the communication between designer and programmer of the implementation. Then, the
implementation has to fulfill the specification.

Formal specification methods are based upon logic and algebra. The algebraic speci-
fication was introduced in connection with the notion of Abstract Data Types (ADT) in
the seventies (Zilles 1974; Goguen, Thatcher, Wagner, Wright 1975; Guttag, Horowitz,
Muser 1978) and has been a subject of scientific investigations since that time.

The main aim of an algebraic specification consists not only in the exact description
of a certain system. It has been shown that algebraic specifications are often hard to read
and only understandable if enough comments are included. Two important aspects make
the specifications much more useful:

Firstly, the specification method can be used in the design process as a guide. The formal
specification of a certain problem forces to bring informal ideas into a precise form. This
leads to a decomposition of the whole problem into subproblems and to a stepwise solution
according to the rules of a top-down design. This aspect is mentioned very seldom in the
literature (Ehrich, Gogolla, Lipeck 1989; Wirsing 1989).

Secondly, operational semantics of specifications allow the test (proof) of properties of

the specification in order to detect errors or bottlenecks already at the level of the design.



So, one can already check whether the specification meets the expectation.

By operational semantics we mean mechanisms which allow to carry out a specification.
The two main methods are term-rewriting and narrowing. It is known from Universal
Algebra that term-rewriting is complete w.r.t. proving equations in varieties. This holds
too for conditional rewriting in quasivarieties. However, this only means that for every
theorem a rewriting proof exists. The main problem is to find this proof. If the theory
is decidable then it is tried to construct such a system of rewriting rules for which the
proof can be done in a straight forward manner. This can be done for terminating and
confluent systems. By means of the Knuth-Bendix-Completion (Knuth, Bendix 1970)
under certain conditions such a terminating and confluent system of rewriting rules can
be constructed on the basis of the given axioms of the theory. For the application of
Knuth-Bendix-Completion termination proofs for rewriting rules are very important.

Narrowing is a method to find solutions of a given set of equations. It can be considered
as a generalization of the resolution principle. In order to use conditional term-rewriting
in the general case, narrowing must be combined with rewriting.

In formal specifications, term-algebras are often used as models. The initial algebra
approach takes advantage from the fact, that the set of congruence classes of terms build
an initial algebra within any variety or quasivariety. The congruence classes are construct-
ed by the stable and congruent closure of a set of equations in the case of a variety. A term
f(t1,...,t,) has therefore a twofold meaning. Firstly, it represents a value of the carrier,
namely its congruence class. And secondly, it represents the application of function f onto
the congruence classes of ¢1,...,t,. This is a very clear and mathematical well founded

concept. However, it includes some problems, especially with respect to practical appli-



cations. One of the main problems is the characterization of partial functions. Within
the usual initial algebra approach, partial functions cannot be described. This would lead
to the introduction of new data. Therefore, the above mentioned extensions have been
done. It seems to me, however, that in these approaches the understanding of the mod-
els of a specification is very complicated, even for a theoretically well trained specialist.
Moreover, the deduction of an operational semantics from the given specification is only
possible under special conditions which are undecidable, in general.

The idea of OSOS consists in using the operational semantics directly in order to
describe models. As before, terms represent values as well as applications of a function.
However, there is a special kind of terms which only represent values, namely constructor
terms built by means of constructor symbols. Constructor symbols cannot be used in order
to represent functions. To do this, seperate function symbols must be introduced. A term
headed by a function symbol represents the application of the corresponding function.
Now, this application creates a - finite or infinite - sequence of states which describes the
stepwise computation process. Each state is also described by a term. So, the initial state
of a function application is this term itself. The transition from one term in this sequence
to its successor means one step in the computation. The state transistion is, in general,
a nondeterministic relation, e.g. more than one successor state may exist. However, we
demand that the transition relation is confluent. In this way, a set of finite or infinite term
sequences belongs to each term. Because of confluence, all the finite sequences have the
same last term. It represents the result of the computation. This result is well defined if
the last term is a constructor term, i.e. a value. Otherwise, the application of the function

is undefined. But, there are different kinds of undefinedness. If the state sequence is finite



and the last term is no constructor term then the computation terminates with an error
value which is represented by the last term. If the state sequence does not terminate
then this infinite sequence is, of course, the whole description of the computation which
is undefined too. This concept allows to specify nonstrict functions which may be defined
also if some arguments are not defined.

A specification X assigns to every function symbol f a sequence

()= (Pr,r1) - (PayyTny)-

Here, P; are premises consisting of equations and r; are terms. At first, we will consider
two kinds of models: weak models where the order of the sequence is unimportant and
strong models where the order is taken into the account. It is shown that in both cases
all partial recursive functions can be specified.

If we interprete a specification as a set of conditional rewrite-rules then we get a third
kind of models. Since we have to allow that variables of the premises do not occur in the
left hand side of rewrite-rules, we need techniques to solve equations. This will be done
by L-narrowing, closely related to lazy-narrowing.

Confluence is a very natural property. However, like in classical algebraic specifica-
tions, it is not so simple to verifiy. Moreover, the usual methods for confluence proofs
do not work in our case since we allow, in general, nonterminating transition relations
as models. In section 5 we introduce semi-models where the confluence is dropped and
we present sufficient conditions and a method to prove that under these conditions any
semi-model is confluent, i.e. it becomes a model. Hierarchical specifications turn out to

be a practicle class where these confluence proofs can be done on the basis of Noetherian



induction.

2 Domains and operational semantics

2.1 OSOS - signatures and domains

Let S be a set of so-called sorts. With S* we denote the set of finite sequences (finite words)
on S, € denotes the empty sequence, and S*S denotes the set of nonempty sequences.

A signature is a triple (S, F, ar) where S is a set of sorts, F'is a set of function symbols,
and ar : ' — §*S is an arity function which assigns to each function symbol f an arity
ar(f) = s1...8,8 € S*S. As usual, we collect all function symbols of arity os in a set
F,s:={f|f€Fandar(f)=os}.

By means of a given signature we can build terms of sort s. By Z;(F') we denote the
set of all terms of sort s built on the basis of the set F. If the set F' is understood by the
context then we simply write 7;. If 0 = s1...s, then 7, := {t;...t, | t; € T,,} is the set
of all words of terms of length n such that the :—th term is of sort s;. The elements of
7, we underline, e.g. t € 7.

The set 7, of terms of sort s is defined inductively by:

(i) if ¢ € F then ¢ € 7,
(ii) ifte7, and f € F,, then tf € 7,
By 7 we denote the set of all finite sequences of terms of the same sort s, 7
denotes the set of all denumerably infinite sequences of terms of the same sort s, and
72 =T UTY denotes the set of all denumerable (finite or infinite) sequences. If the

sort does not matter then we write 7 := {7, | s € S}, 7", 7%, or 7 respectively.



An OSOS - signature is a signature (S,C U F, ar) where C' N F = ().

The symbols of set C' are called constructors and the symbols of set F' are called
operators.

The domain of our semantics consists of all terms of 7 (F U C') where the elements of

7T (C) are called data and the elements of 7 (FUC)\7T (C) are called error-values (shortly:

errors).

2.2 Operational semantics

Let uns consider any relation —C 7 x 7. By —* we denote the transitive and reflexive
closure of —, by « the reverse relation — (¢ « t' iff ¥ — ¢), and by o we mean the
concatenation of relations. A term ¢ is called irreducible if there is no term t’ such that
t—t.

We can uniquely extend — on the set 7, by

tt — t't if t—t or (t=t and t—1t).

Relation — induces two relations || C7 x 7 and | C 7 x 7 where
it iff Jt: t/ —=*t and t" —*t,

tlt iff t —*t and t'is irreducible.

An irreflexive relation —C 7 x 7 is called a transition iff
(i) —C UH{(Z(FUONT(C)) x T | s € S}
(i) if t—"f then tf —*ff
(i) 3o —5Cl.



Condition (i) demands that transitions can only occur between terms of the same
sort where constructor terms are always irreducible. The condition (ii) demands that
any transition done at any subterm induces a transition of the whole term too. Finally,
condition (iii) means confluence (or, in other words, Church-Rosser property): if there are
any two terms, say t' and t”, which can be got by transitions from a common term ¢, i.e.
t' 5 o —§ t" then t' o t” follows which allows to carry out transitions to a common
term. Confluence guarantees that the order of the used transitions does not matter.

An operational semantics O is a mapping which assigns to each symbol f € FUC
a function f© : 7, — o(7°) if ar(f) = os such that there is a transition relation —o

where

Vi e fO(t) ifft to=tf and Vi:t; —0oti1.

We say, —o, llo, and |p are associated with operational semantics O. Indeed, O is fully
characterized by —o. If tot1ts... € fO(t) then there are transitions ty —o t; —1— ty —o
ldots. Therefore, the sequence tytit, ... describes a possible way of computation starting
with term ¢g.

Each operational semantics defines an abstract semantics O* where fO° : T, — T, if
o

ar(f) = os by

t if t t
£ (1) = e

undefined otherwise

Here, ~— denotes a partial function. If O (¢) is defined then tf | fO° ().

o

We call a term ¢ strict wrt. the operational semantics O if there is a term ¢’ such that

t lo t'. Since —( is confluent, there exists at most one term ¢’ with t |o ¢’. tf may be a



strict term also if ¢ is nonstrict.

For any relation — the induced relation |} is reflexive and symmetric, but not always
transitive. However, if — is confluent, i.e. condition (iii) is fulfilled, then |} is transitive,
too. Therefore, it becomes an equivalence. So, the relation |} associated with operational
semantics O is an equivalence. Moreover, by condition (ii) this equivalence becomes a
congruence, i.e. if t o ' then tf o t'f.

Equivalent terms describe, in principle, the same elements of the domain. Since the
constructor terms are always irreducible there cannot be two different equivalent data. If

one term of an equivalence class is strict then all terms of this class are strict too.

3 Specifications and models

3.1 The syntax of specifications

Now, we will explain in which way specifications of operators, i.e. elements of set F,
can be described. The meaning of such a specification is a class of models where each
model is a certain operational semantics. Special models, defined by term-rewriting and
narrowing, will be of particular interest.

The syntax of the specifications described here is aimed to be the theoretical basis.
Therefore, it is not very legible. A user-friendly specification language, called LOSOS, is
presented in (Bachmann 1994).

Additionally to the sets F' and C' we use variables in order to build terms. Let X be
a set of variables, the elements of it are called standard variables. Each standard variable

has a sort associated by the arity function ar : X — S. Similiar to function symbols we



collect all variables of arity s into the set X := {z | ar(z) = s}. Moreover, we introduce
another set Xy := {z,, | n € IN} (disjoint with X) of positional variables (IN denotes
the set of natural numbers). As abbreviations we introduce X,, := {z1,...,7z,} C Xp,
x, := T1...xT, or, shortly: z if n is known by the context. A positional variable z; can

“n

admit any sort. So, the terms which include variables are built now by:

(i) ifte F,UC,UX,U X then t € 7,
(ii) ifte7, and f € F,, then tf € 7,

Additionally, we use the two special symbols =< and A and the two special sorts e and

[ in order to build terms:

(iii) if t € 7, and t' € T, then tt' < € 7,

(iv) ift € 7 then tA € 7,
A term ¢t < is called an equation and a term tA is called an equation system. Note, that
A itself is a term too, the empty equation system.

Positions in a term can uniquely be described by occurrences, a finite subset of IV},
where IN; := IN\{0}. For a term ¢, the set occ(t) of all occurrences is inductively defined
by: if tf € 7, where t =ty ...t, then

occ(tf) :={e} U{ia | 1 <i<nand a € occ(t;)}.
If t € T and u € occ(t) then t(u) € FUC U X U X U {x,A} means the symbol at
occurrence u in ¢t and ¢/u means the subterm of ¢ at u, defined by:
tf(e):=f, tf/e:=tf, and tf(iu) = t;(u), tf/iv = t;/u.
The set of all occurrences which are labelled by a function symbol is denoted by focc(t):
foce(t) :=A{u | t(u) € F},
and the set of all variables occurring in a term ¢ is denoted by var(t):

10



var(t) == {t(u) | u € occ(t) and t(u) € X}.

By means of occurrences we can simply describe term-replacement. If we replace the

subterm ¢/u in ¢ by ¢’ then we get the term t[u « t'], formally:
tfle —t]:=t and tffiu—t'] :=t;.. . t;ju—1t]...t,f.

Although the positional variables can admit any sort of set S, within a term such
a variable has only one sort. This concept is formalized by binding sorts to positional
variables. Binding is defined as follows:

if t(ui) = xx € Xy and t(u) € F,s U Cys where 0 = s1... s, then s; is bound to xj
and

if (xpt < € 7, or taxy < € 7T,) where t € 7, then s is bound to xy.
Now, we can state our restriction:
Within a term, only one sort can be bound to each positional variable.

This allows us to define specifications for operators f of an OSOS-signature.

A specification, say ., is a function which assigns to each operator f € Fj, s s a finite

sequence of pairs
Z(f) = (Plarl)(P27T2) CRCIS (Pnfarnf)

where

Vi:1<i<n;—PeT(FUCUXUX,)andr, € T,(FUCUXULX,),

and if the positional variable x; occurs in any term then the sort s is bound to it. Each

pair (P;,r;) is called an (f,7)-rule.

In order to make the syntax of specifications more legible already within the theoret-

11



ical considerations we use additionally a slightly other, informal, way of notation which
corresponds to the language LOSOS.

A term tf will be written as f(¢; ...t,) and, if f is a binary operator (like +) we use infix
notation and write t; ft5 instead of f(t,t2) (like ¢; + t2 instead of +(t1,13)). An equation
tt' =< will be written as t = t/, an equation system t1¢] < ...t;t;, < A will be written as a

sequence t; =t} : ...ty =t} and, finally, an f-specification will be written as

flxr, o mp) c Pr=rio o Py =y

Note, that in an f-specification the number n; of pairs may be zero and, if it is not so then
any equation system P; may be empty! Each premiss of an f-specification can contain
positional variables from X,,, where n is the number of arguments of symbol f, as well as

any standard variable.

3.2 Models

A model of a specification must be an operational semantics. A specification may have,
in general, several models. At first, we define some different kinds of models. In the next
chapter we describe how special models can be constructed by means of rewriting and
narrowing.

A substitution is a function ¢ : X — 7 where ¢(x) € 7 if © € X,. For substitutions,
we write xy instead of ¢(x). Every substitution can be uniquely extended to a function
o*: T — T by:

xp* i=xp, tp' =ttt te*, and tfe* =t f.

We identify ¢* and ¢ and omit the *.

12



Substitutions ¢, 1 can be concatenated by: t(¢ o 1) := ().
The domain of a substitution ¢ is the set of all variables which are changed:
domp :={x : xp #x}.
A substitution ¢ is called ground if Vo € X : zp € T(FUC), i.e. xp does not contain
any variables and therefore, domyp = X.
A given reflexive and transitive relation —* can be extended to substitutions in the
following way:
o—" ¢ i VreX:zp—tay.
Similarly, the relations |} and | can be extended to substitutions where a substitution,
say ¢, is irreducible if for all substitutions ¢’ with ¢ —* ¢’ the equality ¢ = ¢’ follows.
A substitution ¢ is therefore called strict if a substitution " with ¢ | ¢’ exists.
Furthermore, we need special substitutions of kind A : Xy — 7. If f € Fy, ;s then
we define for each term tf the substitution:
Ayp: X, — T  where 2;Af = t;.
Now, let us assume that a certain operational semantics O is given.

For any equation ¢’ < we define the set of solutions as
solo(tt' <) :={p : ¢ is ground, strict, and tp o ¢},

and for any equation system tA we define the solutions inductively as the intersections of

the set of solutions of all equations contained in the system, by:
solo(A):=={¢ : ¢: X =T} and solp(ttA) := solp(t) N solo(tA).

Of course, the solutions of an equation system depend on the given operational semantics

0.
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Moreover, let us take any specification 3 where X(f) = (P,71) ... (P, ), any oper-
ational semantics O, and any term tf where f € Fj, s is a certain operator. We define

two sets of images of tf under X and O by:
w—ims o(tf) == {relip : ¢ € solo(PyAys) and 1<k <mny}.
and
s—imso(tf) = {rlirp : ¢ € solo(PrAi) and Vi : 1 <i < k — solo(P,Ay) = 0}.

Of course, s—imy o(tf) C w—ims o(tf).
By means of these preparations we define an x-model (z € {w, s}) of a specification X2
as any operational semantics, say O, where the associated transition relation —o meets

the proposition:
if tf ot then t €x—imso(tf) or (t=1¢fandt—ot).

Since an operational semantics is uniquely defined by a transition relation we also say,
that a transition relation which fulfils the condition above is an x-model.

In such a sense, the empty relation is always an x-model. It is a remarkable fact that
any specification has always a model and is, therefore, satisfiable. However, the empty
model is indeed very general. It is better to focus on a stronger notion of models. To do
this, we investigate the behaviour of solutions a bit more in detail.

As it is already mentioned above: two equivalent terms describe the same element of
our domain. If there is a transition ¢ —* ¢’ then, of course, ¢ | ¢ and therefore, both
terms are equivalent.

Two substitutions ¢, ¢’ are equivalent if ¢ |} ¢’. If ¢ is a solution of an equation
system P and tt' =< is any equation from P then tp | t'¢ holds. Since ¢ and ¢’ are

14



equivalent, to | t¢’ and t'¢ || ¢’ hold too. By transitivity we get t¢’ | t'¢’. That
means, ¢ is a solution of P.

This shows that a model is mainly characterized by the relation |}. If — = () is the
empty transition then the induced relation || becomes the identity, i.e. || = {(¢,t) | t €
T} If -C—' then YCJJ. But, the converse implication does not hold. We define a
relation ~ between transitions by

VSN iff Iy .
~ is, in general, not an antisymmetric relation. It induces an equivalence ~=m N R
where

— iff J=
holds.

A mazimal z-model is an x-model — such that for every x-model —' the implication

if Jcl then =
holds.

By Zorn’s lemma, maximal x-models always exist. Moreover, one can extend each
model to a maximal one. However, this extension is clearly not always unique. Let us
consider the following example:

We take only one sort s, i.e. S = {s}, and we have the two constructors Cs = {a, b} and

the only unary function symbol Fys = {f}. An f-specification could be:

f(zy) = x.

Since we have only one rule in this specification, all w-models are also s-models. There
are four nonequivalent maximal s-models:

15



M1: aftt — aft, bfit! — aft for i € IN,

M2: afttt — oft, bftt — bfi for i € IN,

M3: aftt — aft, bft! — bfi for i € IN.

M4: aftt — bft, bftt — aft for i € IN.
Here, af* means a term inductively defined by:

af®=a, aftt=aff.

These three models induce the following equivalence classes:

M1: {af* : i€ N}U{bf™' : ie IN},{b},

M2: {a}, {af™ i€ N}U{bf" : i€ N},

M3: {af* : i€ IN},{bf" : i € IN}.

M4: {af? : i€ NYU{bf*™ : ie N}, {af*™ : ie N}U{bf? : i€ IN}.
Let us change the f-specification into

flxr) cxy=x:z=a=2x xy=x:2=0b= a.

For this specification, M1 is also a maximal model but, M2, M3,and M4 are not more
models since a and b cannot be in the same equivalence class. All other maximal models

are now equivalent to M1, e.g. the models
Mb5: aftt — aft, afttt — bt bl — af fori € IN,
Mé6: aft — af’, bft — af’ fori,j € IN and j < i.
The second specification looks strange. A much more simpler specification would be:
f(x1) == a.
Note, however, that now M5 is not more a model of the last specification. Nevertheless,
this transition is equivalent to M6!

For the existence of a unique maximal model it seems to be sufficient that for all terms

16



tf any two images of tf under ¥ and O are equivalent, i.e. that the implication
t, tex— Z'mg’o(tf) =1 ‘U’O t/

holds. However, this is not so. For instance, let us consider the specification

flz1) : flx) =2 = x.

Here, M3 as well as M4 are nonequivalent models. However, for both of them our impli-

cation above holds.

4 Rewriting and L-narrowing: an approach for the

operational semantics of OSOS

For a given specification, say X, we construct now a transition relation —y, called rewrit-
ing, which turns out to be a s-model of ¥ if —y is confluent. That means, in order to
determine a #' such that tf —y ¢’ we need information about the set x —imy 5 (tf). At
least one element of this set must be known. Such an element will be found by narrowing.

As already mentioned, we are dealing with rules of the form

S(f) = (P,r1) - (Pay,7y)-

Next, we go on to define the application of rules. In principle, an (f,7)-rule (P;,r;) can

be applied at occurrence u of a goal G € 7; if

(i) the term 2 f matches with G/u and

(ii) the premise P; holds after the match.

Due to our special kind of rules, the condition (i) is fulfilled if G(u) = f. The match
is then described by the substitution Ag/,, i.e. G/u = Ay, f. But in order to check

17



whether the premise holds after the match we have to derive the modified P; to A. This
modification is done by P;Ag/,. We postpone the check and apply the (f,4)-rule onto G at
wif G(u) = f in the hope that P;A¢/, holds. The application of (f,¢) onto G at u replaces
in G the subterm G/u by the result r; of rule (f,7) regarding the match. Additionally,
in order to avoid conflicts of variables, we rename in r; each standard variable z of rule
(f,4) by the auxillary variable z(¥) using the substitution p*) before the replacement
is carried out. The substitution p*) can be formally defined by domp®™ = X, and
Ve € X, : :Ep(k) = () where k is a certain natural number. So, we have rip(k)Ag/u as
the new subterm at u and the rewritten goal is Glu « n-p(’“)AG /u)- The combination of
the rewritten goal with the modified premise P,p*) A s implements the postponement

of the premise check. The new goal is now in detail
Glu —rip™ Ag ] X (Pp™ Agyy)

where (LA X E'A) = tt'A.

Since GG does not contain any positional variables and w is a position in G we can shift

the substitution Ag/, to the right and we get
Glu — rip™ Agra] M (Pip™ Agya) = (G X Pp*)[u — rip®™])Ag

This application of the (f,i)-rule at u of G is called a L-narrowing step. It should bring a
goal closer to the application of a reflecting step, where an equation e within the goal is
removed by finding a most general unifier of e (mgu(e)). If goal G has length n, 1 < i < n,

and p = mgu(G /1) then by a reflecting step at ¢ we get the new goal

Guli — €| = G[i — €]p.

18



The mgu i is something important because, may be, it describes a part of the solution of

the goal. All most general unifiers used in reflecting steps are therefore composed together.

After this preparation we are in the position to define the derivations.

Let G be an equation system of length n, called goal, & an idempotent substitution, and k

a natural number.

Refiecting step: If 1 < i <n and u = mgu(G/i) then

kG, 8) v (k: Gli — e, o)

L-narrowing step: If u € foce(G), (P, r;) is a (G(u),i)—rule , P, = P,p®™ and #; = r;p®

then
(ke Go) S (h+ 10 (GX B)[u— 7] Ag/w, 0).
If «v is any sequence consisting of elements (i) or (u : i) then we define the derivation
(k:G, 8+ (1:Q,0)
by (k:G,8) —— (k:G,6) and
k:G, 85 (1:Q,0) iff (k:G,8) 2 (K G+ (:0Q,0).
where s is either an element (7) or (u : 7).

The sequence « is called derivation history.

Unfortunately, these notations are overloaded with technical overhead. But we can
improve the legibility dropping some parts which can be understood by the context.
Firstly, we omit the number k. This number is only used in order to avoid conflicts of
variables. We take now always into consideration that by a L-narrowing step only fresh
auxillary variables are introduced. This is done changing the premise P; and the result r;

of rule (f,7) into P; and #;. Secondly, we also omit the indice of the standard substitution
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A since they are mentioned before. In the abbreviated version we have for the reflecting

step:

and for the L-narrowing step:
(G,6) M5 (G M B — 71]A,0).
Finally, if we are not interested in the derivation history we write simply
(G,0)—(Q,0) instead of (G,6) —— (Q,0).
Roughly described, L-narrowing is a stepwise derivation process a which transforms a
pair (G, d) into a pair (@, o) where G, Q) are equation systems and ¢, o are substitutions.

In general, there are several derivation histories o such that
(G, A) (A, 0).

where A is the identical substitution (zA = x for all variables x) and A is the empty
equation system. But, for each given goal GG and derivation history « there exists at most

one derivation

(G,0) v {Q, o).

If such a derivation exists then the correspondig history « can be found by a breadth-first
search. However, if such an o with a corresponding derivation does not exist then there
are two different cases. Either, after some steps, it is possible to decide that there is no
such derivation, or the procedure does not terminate. In the latter case the existence of
such an history is unknown.

In Bachmann (1994) it is shown: If there is a derivation (G, A) = (A, ¢). then there

is also a derivation (G, \) = (A, ) with Gy = Gp. This means, that the goal Gy
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can be reduced to an empty system by narrowing with the same steps as before where the
now derived substitution ¢ does not have any influence on G¢. Therefore, in Bachmann
(1994), the substitution ¢ was called a solution of G, and let us call it in this paper a
narrowing-solution.

In general, a narrowing solution may contain variables. In order to avoid such a case

we define for specifications X and goals G:

nsols(G) ={po : (G,\) — (A,p),0: X = T(FUC), and @o Iis strict}.

o is always a ground substitution.
As an additional concept we define the set of narrowing images n—ims(tf) of a given

specification ¥ and a term tf where X(f) = (P, 71)(FPa;72) - .. (Pnys ny) by:

n—imx(tf) = {reAy Y € nsols,(PpA)
and Vi : 1 <i < k — nsols(P,Ay) = 0}.

Now, we define the rewrite relation —y on the basis of a given specification ¥ by:

tf —st iff ten—img(tf) or (t=tfandt—xt).

Is the so defined rewrite relation always a transition? Conditions (i) and (ii) are
fulfilled by the definition of the rewrite relation directly. However, condition (iii), namely
the confluence, is a harder problem. We will deal with confluence in section 5 in detail.

Now, we investigate under which conditions the inclusion

n—ims(tf) C z—img s(tf)
holds, i.e. the rewrite relation is an x-model provided that it is confluent.
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If p € nsoly(G) then, in general, this does not mean that ¢ € sols(G). Let us consider
the following simple example:

a:=b =c

Every ground substitution ¢ is a narrowing solution of a = ¢ but, sols(a = ¢) = (), since
a —y b and therefore, a |5, ¢ does not hold. This reason consists in the fact that for the
rewrite relation always the leftmost possible (f,i)-rule is used but, in the definition of
nsoly(G) this is not considered. Therefore, we restrict the used derivation histories. We

do this by the redefinition of the L-Narrowing-step, which is now recursively defined by:

(G, 8) Y2 (Glu — 7] Ap, 50)

if p € nsoly(P,A) and V1 < k < i — ¢ ¢ nsols(PA).

Now, if ¢ € nsols(G) then Gy does not contain any variables and, as a consequence
of lemma 4.7 of Bachmann (1994) we get a derivation (G, \) — (A, 1) where each
L-narrowing step can be replaced by a rewrite step. This means, ¢ € sols(G).

What about the inclusion n—imx(tf) C s—imyx(tf)?

In order that this inclusion holds we have to be sure that if soly(G) is not empty then at
least one of its elements can be found by narrowing.

If ¢ € soly(G) then there exists a derivation (G, \) — (A, 1) where Gy = Gp.

As a consequence of lemma 5.7 of Bachmann (1994) we can conclude that there exists a
derivation (G, \) — (A,0) where ¢ = do for a certain ¢ in case that no narrowing step
is applied onto the part of Gy which is added to GG by the substitution ¢. Since each
solution ¢ is strict there exists also an equivalent irreducible solution ¢’ and a derivation
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(Gy',\) — (A,v) where no narrowing step is applied onto the ¢'-part of Gy¢', i.e.
¢ € nsolx(G).

Altogether, we can state that

n—ims(tf) C s—imgx(tf).

That the restriction to strict substitutions is important is shown by the following
specification:

a:= f(a).

The equation
h(z, f(x)) = h(f(z), )

does not have any narrowing solution but,

h(f(a)) 4 h(f(a),a)

holds.

In order to become an x-model, the rewrite-relation —y, must be confluent. However,
we cannot expect that —y becomes always a maximal model. Let us consider any f-
specification of form

f(z1) s g(xy,z,y) =0=a :=b

where g means a partial recursive function which can be specified by our method as shown
in section 3.3. It is well known (Matijasevich 1970) that the set of roots of ¢(t,z,y) for
some terms ¢ are denumerable but not decidable. If, now, g(¢, x, y) does not have any roots
then narrowing may be a nonterminating process and there is no computable strategy, in
general, to determine that nsols(g(t,z,y) = 0) = 0. It follows, that b ¢ n — img(tf).
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5 Confluence and hierachies

5.1 The confluence of models

In our definition of a model, the transition relation is confluent by condition (iii). However,
this demand complicates to get an overview about all models of a given specification.
Now, we are going to weaken the notion of a model, called z-semi-model, which simplifies
the situation by dropping confluence. Then, we present sufficient conditions such that
confluence is guaranteed and therefore, an x-semi-model becomes an x-model.

The main problem to overcome is the proof of confluence of a semi-model. The known
confluence proofs for conditional rewriting are based either on terminating rules (like in
Ganzinger 1987) or on very strict syntactical conditions (like in Bergstra, Klop 1982).
The used principle is to prove strong confluence or local confluence. Strong confluence is
sufficient for confluence and local confluence together with termination is also sufficient
for confluence (HuBimann 1980). However, nontermination is inherent to our approach
and strong confluence turned out to be too strict. Therefore, we need another concept.

If =C 7 x 7T is any relation then we define —" inductively by:

—0= {(t,t) : teT}, —"thi=—"0—.

*

This means, —" describes n steps of —. By —™* we denote the reflexive closure of —,
i.e. =™ describes n or zero steps.

We call an element t € T confluent if the implication
t —~ tl,t—>* ty — 14 U/tg

holds.
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Proposition 5.1 Ift is confluent and t —* t' then t' is confluent.

Proof: trivial and omitted.

Corollary 5.2 — is confluent iff Vt € T : t is confluent.

To a relation —C 7 x 7 we associate an operator w : (7 x 7) — (7 x 7T) defined
as:
w(S):={(s,t) : st and
V't s— s t—1t =
((s,t') € Sor3ds”: s — " and (s",t') € S) and
((s',t) e Sor 3" : t — t" and (5',t") € §) and
((s,t') e Sor(s,t)e Sor(s,t)eS)}

Lemma 5.3 If S C 5 then w(S) C w(S').

Proof: trivial and omitted.
This means, w is monotonic in the cpo (p(7 x 7),C) and, by the fixed point theorem of

Bourbaki, see, e.g. Cohn 1965, the operator w has a greatest fixed point, say 7.
Lemma 5.4 If (s,t) € 7, and s =™ S, t =" t,, then s, | t,.

Proof: By induction on (m,n).

Case 1: m =0, i.e. s = s,,.

Case 1.1: n =0, i.e. t =t, and, trivially s,, | t,.

Case 1.2:n >0, ie. t —t =" ¢,.

Since 7, = w(7,,), there exists an s’ such that s —* s’ and (¢, ') € 7, and, by induction
s" || t,,. Consequently, s t,, i.e. s, | tyn.
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Case 2: m > 0,ie. s — s =" 1s, .

Case 2.1: n = 0, this corresponds to case 1.2.
Case 2.2:n >0,ie. t —t —=""1¢,.
Now, (s,t") € T, or (s',t) € T, or (s',t') € 7, and, by induction s,, |} ¢, in all three cases.

O

We consider the special set (2 defined by:

Q:={(s,t) : s,tconfluent and s | t}.

Lemma 5.5 7, C Q.

Proof: Let (s,t) € 7,,. We show that s is confluent.

We assume that s —* s, s —* §”. Because of (s,t) € 7, it follows s | ¢t and therefore,
it exists an t' such that s —* ¢, ¢t —* t’. By lemma 5.4 we get now s’ |} ¢’ and therefore,
there exists an t” with ' —* " ¢ —* t" ie. t — t”. Again by lemma 5.4, we get finally

" bt O

In order to show the reverse order of the implication of lemma 5.5 we present an important

proof principle.

Lemma 5.6 If S C w(S) then S C 7.

Proof: Let C be a maximal chain in the cpo (p(7 x 7), C), such that

VX eC:5C X and X Cw(X).

UC is the least upper bound of C. That means, for all X € C we have X C [JC and
since w is monotonic, w(X) C w(|JC). On the other hand, X C w(X) follows from X € C
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and so, X C w(|JC). That means, w(|JC) is an upper bound for C and | JC C w(|JC)
which would extend the chain C. But this is impossible since C is maximal. It remains

UC = w(JC). Therefore, | JC is a fixed point and | JC C 7, since 7, is the greatest fixed

point. It was S € C, i.e. S C | JC and, consequently, S C 7. a

Lemma 5.7 Q C 7,

Proof: Let (s,t) € Q and ¢, any two terms with s — &', t — t'. Now, s, t' are confluent

and s | ', s’ || ¢, and ' || ¥/, i.e. (s,t) € w(Q). O

Corollary 5.8 2 =T,

Next, we drop the confluence from the definition of a transition. An irreflexive relation

—C T x T 1is called a semi-transition iff
(1) —C H(T(FUONT(C)) x T | s € S}
(ii) if t—*t then tf—*tf.

A semi transition —¢ is called a x-semi-model of specification X iff

if tf ot then t €z —imso(tf) or (t=1¢fandt—ot).

Of course, each x-model is a x-semi-model too.
We say that the condition Cx is fulfilled by the x-semi-model O (z € {w,s}) of a

specification Y if the three parts Cxa, Cxb, and Cxc are satisfied, where:
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Cxa: If 5,t are confluent terms, s || ¢, sf —o s =rAgpp , and tf —ot =1"Ayp

then r =1’ and Vo € var(rAgy) - zp Yo x.

Cxb: If ¢ is a confluent term and tf —o t = 1Ay

then Vo € var(rAy) : 1 is confluent and A, is confluent.

Cxc: If 5,t are confluent terms, s || ¢, and tf —o t = rAy

then there is a ¢ with sf —o s = rAgp.

The following lemma shows that the condition Cx guarantees that every x-semi-model

becomes an x-model.

Lemma 5.9 Let S :=QU{(sf,tf) : (s,t) € Q}.

If Cx is fulfilled by the x-semi-model O of specification ¥ then S C ).

Proof: Remark: instead of —¢ and {p we shortly write — and |} respectively.

We show, that S C w(S). Then, by lemma 5.6 and corollary 5.8 we have S C 7, = Q.
Let (s,t) € S. If (s,t) € 2 then (s,t) € w(Q) C w(S) by lemma 5.7 and lemma 5.3.
We assume now that s = sf,t = tf where (s,t) € Q.

Let &', t' any two terms with s — st — t'.

Case 1: 8’ = 5'f and s — 5.

That means, s’ is confluent, s’ |} t, and therefore, (s',t) € S.

Case 1.1: ! =t'f and t — 1.

That means analogously, (s,t') € S.

Case 1.2: t' = rA ).
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By Cxc and Cxa there exists an §” with s — s = rA rp and Vo € var(rAgy) : xp | 1.
From this we conclude s” |} ¢'.

If r is just a variable then ' as well as s” are confluent by Cxb and the fact that ¢, s are
confluent. Consequently, (s”,t') € S.

If  is not a variable then by Cxb: (Ayr, Ap) € Q. This also means (s”,t') € S.

Case 2: §' = rAggp.

Case 2.1: ' =t'f and t — 1.

This is analogous to case 1.1 and we get (s,t'),(s',t") € S.

Case 2.2: t' = 1r'Ay1).

By Cxa we know that r = 7’ and the proof runs analogously to the cases 1.2 and 2.1 and
we get s = §"t' =" and (¢,t') € S.

Altogether, we have (s,t) € w(S5), since s |} ¢. O

By induction on the structure of terms we get:

Corollary 5.10 If the condition Cx 1is fulfilled by the z-semi-model O then O 1is an -

model.

Of course, the condition Cx is very general and therefore, there is no hope for a
general verification method. In the next subsection, we present an important class of

specifications and show, that Cx can be replaced by a more practicable condition.

29



5.2 Hierachical specifications

The concept of hierarchical specifications is not new and was already used in many papers,
e.g. in Bergstra, Klop 1982; Kaplan 1984, but, still with some additional restrictions which
are too strong for us. The general concept is, that an hierarchy of specifications induces
a well-founded quasi-ordering < on terms which allow to prove properties by Noetherian

induction:
If for a set W C 7 the implication (< ¢) CW =t € W holds then W =T.

Here, (< t) :={t' |t/ < t}.

An hierarchical OSOS-Signature consists of a chain of inclusions
C=FOcrWc..crm.

The level I(f) of a function symbol f € F' is the natural number n = [(f) such that
f € F™ — FM=1 For every constructor symbol ¢ € C' we set I(c) = 0.
Such an hierarchical signature induces a well-founded quasi-ordering on the signature
F by:
fRg it () <)

The chain of symbols induces a chain of term-sets 7*) := T (F® U X).

A specification X is said to be hierarchical if the signature F' is hierarchical and for each
rule
E(f) - (Pth) U (Pnfurnf)

the condition

P, C 7O po e T and var(r;) Cwvar(P) U XN
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is fulfilled.

Next, we introduce a special class of x-semi-models and modify the condition Cx to
Hx. It turns out that each of such a special x-semi-model which fulfills Hx is an x-model
of an hierarchical specification.

We define:
hsolo(PAsf) :={¢ : ¢ € solo(PA¢ and Vr € var(PAsys) : xp is confluent}.

By x—hims o we mean the functions which are defined analogously to z—imsy o but on

the basis of hsolp, i.e.
w—hims o(tf) == {rilisp : ¢ € hsolo(P,Ayf) and 1<k <ny},

s—hims o(tf) == {relyp : ¢ € hsolo(PyAy) and Vi : 1 <i < k — hsolo(PiAy) = 0}.

An x-semi-model O of specification ¥ is called an z-h-semi-model if for all t € T:

if x—hims o(t) # 0 then 3’ € x—himso(t) : t —o t'.
The condition Hx is defined as:

Hsa: If ¢ is confluent, (P,r) is an f-rule, and ¢,y € hsolo(PAy)

then Vo € var(rAy) : xp o x1h.

Hwa: Hwa and
if ¢ is a confluent term, (P,r), (P’,r’) are f-rules, and
hsols, 0 (PAif) N hsols, o(P'Ap) # 0
then r = 7’.
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Hxb: If t is confluent and tf —o t

then A\, is confluent.

By Si we denote the set
Sk = QU{(sf,Lf) : (s,t) € Qand f € FP}.

Sk is called downward confluent if Vi < k: S; C Q.

Lemma 5.11 Let Sy be downward confluent. If Hx is fulfilled by the x-h-semi-model O

of the specification 3 then Sy C (2.

Proof: It is similar to the proof of lemma 5.9, i.e. we show, that Sy C w(Sk).

Let (s,t) € Sk. If (s,t) € Q then (s,t) € w(2) C w(S) by lemma 5.7 and lemma 5.3.

We assume now that s = sf,t = tf where (s,t) € Q.

Let &', t' any two terms with s — §',t — t'.

Case 1: s’ = 5'f and s — 5.

That means, s’ is confluent, s’ |} ¢, and therefore, (s',t) € Sk.

Case 1.1: ! =t'f and t — 1.

That means analogously, (s,t’) € Sk.

Case 1.2: t' = rA ).

It means, that ¢ € hsolo(PA;r) where (P,r) is any f-rule. Let uv < be any equation
from P. Then, ulAyp) | vA Y, ulgpp | uldgpth, and vA ) | vA 410 All these terms are
confluent since we have an hierarchical specification and Sy is downward confluent. There-

fore, |} is transitive for these terms and we get uA ) |} vA 1), ie. ¢ € hsolo(PAgy) and
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x—hims o(PAgs) # 0 follows. From this we conclude the existence of an ¢ € hsolo(PAgy)
with s — 5" = rAgp since O is an x-h-semi-model, and s” |} '.

If r is just a variable then ' as well as s” are confluent and, consequently, (s”,t') € S;.
If r is not a variable then by Hxb: (Ay, Ay) € Q. This also means (s”,t') € Sy.
Case 2: s' = rAgpop.

Case 2.1: t' =t'f and t — 1.

This is analogous to case 1.1 and we get (s,t'), (s',t") € S.

Case 2.2: t' = r'Ay1).

By Hxa we know that r = v’ and Vo € var(PAgys) : x¢ | x¢. Now, the proof runs
analogously to the cases 1.2 and 2.1 and we get s’ = s, t' =" and (¢,t') € S}.

Altogether, we have (s,t) € w(Sy), since s | t. O

If S) is downward confluent then S, C 2 and so, Siy1 is downward confluent too. By

induction we follow:
Corollary 5.12 If Hx is fulfilled by the z-h-semi-model O then O is an xz-model.

It remains to give a verification method for the condition Hx. This can also be
done using Noetherian induction. Here, we take the recursive-path-ordering < on terms
induced by the quasi-ordering of the signature. This recursive-path-ordering is described,
for instance, in Dershowitz 1987 and is a well-founded quasi-ordering.

We sketch the verification for the example of the specification of partial recursive

functions.

Hxa is obviously fulfilled by all the rules
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zero(ry, ..., xy): = 0;
zﬁi(aﬁl,...,xn): = a2y

h(zy,...,xn) 0 = flg(xe, . 20), s g1, o )

h(xy, ..., TpyTpg1) s Tpyr = 0= fag,...,2);
Tpr1 = succ(y) = g(x1, ..., Tn,y, R(X1, .o X0, Y));
Uf(xy, .o Tpy pr1) o f(T1,. o Ty Tpa1) = 0= Ty
fz1, .o @, Tpgr) = succ(y) = Uf(xq, ..., zp, succ(xpi1));

The only problem we get is with respect to Hxb.
We can assume that the symbols f, g1, ..., g, have a lower level in the hierarchy then the

symbol h and using the recursive path ordering we get for all terms ¢y, ...,t,1,%:

flar(tr, .o tn)y ey gm(t, .y tn)) <Aty ... t,),
Flt, . ot)) < h(ty, ... tn tns1), and
glte, oty bt ot t)) < B(tr, .ty ts)
where y¢ =t means any confluent solution of t,,11 = succ(y) such that t < ¢,4.
If we assume that all terms s less than the left-hand sides of these rules are confluent and
t < t,+1 then Hxb holds too. The additional condition ¢ < ¢, is fulfilled if, for instance,
the x-h-semi-model uses constructor terms as solutions.

If we restrict the rewrite relation to

tf —st iff t€in—imx(tf) or (t=tfandt—xt).
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where

in—imy(tf) = {reldyp © Y € nsols(PrAy)
and Vz € var(ryA.p) © a1 is irreducible
and Vi : 1 <i <k — nsols(PAy) = 0}.
then this is an x-h-semi-model. Moreover, an irreducible term is always confluent. That
means, if such a rewrite relation fulfilles Hx then it is an x-model. Clearly, for the

specification of partial recursive functions above, the rewrite relation is an x-model.

6 The specification system OSOS

7 Conclusions and open problems

As a general result, it turned out that the proposed method can be used in order to
specify algorithms in a very abstract way. Additionally, rewriting together with narrow-
ing provides a prototype of a model which can be carried out on the basis of a given
specification.

The following open questions must still be answered in order to make this method

useful in practice:

1. Efficiency
The efficiency of the prototype model, based on rewriting and narrowing is very
low if general breadth-first strategies are used. The reason consists not in the
several rewrite and narrowing steps as the implementation has shown. Therefore,

optimization techniques for breadth-first strategies must be developed or adapted
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from other narrowing methods.

2. Higher-order specifications
For practical purpose, higher order specifications in connection with polymorphism
become more and more important. Therefore, operational semantics for higher order

specifications must be investigated.

3. Extended proof methods
More effort must be done to extend the presented method in order to prove prop-

erties, like the existence of a unique maximal model.
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